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Levenshtein FEEfE (FREEEREE)

dy(x,y) =min{x Z y [CEHT DDICKHEIRBA - BIPRE )

o fl.d;(000,111) =6, d,(101,010) =2
o lx|=|yl=nDEE, 0<d,(x,y) <2n
o d;(x,y) =|x|+ |yl —2LCS(x,y) (LCS(x,y):x & y DRKRILBIBDRIIODRKRE)

75 C DE/)\ Levenshtein BB&f :  d,(C) = min d;(cq,cy)

C1¢CZEC

d(©)2d DEE, ¢ FEEt< | BOBA - BIRETETE3
e CCI"DEE, d,(C) 3BYT, <L 1 @ETETED
o TENTE/INEERE(E L9 € [0,1]

2n

o TFSOMENETR/IEERE>6 > §TERTDFEA - HIRZET1E




RROFSYAX 4,(n, d)

A;(n,d) =max{|C|:3C € X" st |[Z]| =q,d,(C) =d}
e A;(n,d) DEFR 2> 75 & UTHERELURLREE
o A;(n,d) DT D> FSEULTEFELSDIEE

JETVT BN 73 5
o FT55{C.}, DRFSE n - 0 DIFEDIRDE L\ Z5HH
o A;(n,d) BENT B[S C 2", 2] =q [,

1
REE R =20 Lign@/NERt 6 = L2 0
hb—Pﬂ7€%bﬁkbtm




TORNVH—=T2T7EDENLD

e Hamming BB (BB DRFS)
o THL — IS THRIFKENSIL - 185
o NSDER/N\EEREDIENS
o URNEBSOIRERS & DFHMHE

o Levenshtein EBEE (A - BIFRFTIERTS)
o BEMNICERTDIARIEIINETARL)
o IRFETSIL - BS(IKREBER (FEREZHIDDIC On?)
o E/I\FEBEDMEIET 2D HAEA
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EANEBR (1/2)
BAIK,(x) = {x e [Ct BALTTEDXF y € 2+t )

. _t
o 1] =Tio("T)(q — D= [, 1) ~ gl

BIBRER D, (x) = {x €S DS t BIBRL T TEBZXFF y e st )

o D)< (})

e xDOVH =r(x) =2t DETE, Zfzo(’”(xi)‘t) < |D,(x)] < (r(x);t—l)
o 5. r(0000) =1, r(0011) =2, r(0101) =4

e Ry(nr) ={x€ex":r(x) =71}, IR, =(")q(q@— 1"

10



lhinl

BERNEERE (2/2)

BABIBRIR L, (%) = {x € ST t HIRR - s AT TEBNFS y € zn-t+s)
o Lio(x) =D¢(x), Lo¢(x) = I (x)

L ¢ (x)| DEXZ L EH M (SRR R EIRE
o L] <ID@)| I, (n—t,t) NERTERERWN? ?

E

[Ta

#Z L (F (double counting) & O, LITFHRLDIZD

D ID = ) @] =g Iy 0)

yexntt XEXN

11
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BRKFEIE (sphere-packing) ¥ 1 7D LR

Theorem 1. gx/J\ Levenshtein BEgE d = 2(t +1) D C € =™ [CXTF L,

n+t

q
I,(n,t)

ICIS[

Bt B ceC XL, I.(c) €™t ([FEWVWCKRDSRWLCZ®H

Corollary 1. 8/J\ Levenshtein FE&f 6n, fFSILZE R D € < =™ [CXF L,

R<(1+8) (1 —H, (%)) +o(1)

13



FIRERZFD1 Elias 1 TDOLER

Theorem 2. g&/J\ Levenshtein gt d < 2n D C < " ([CDUL\T,
d

‘<2 "d/m

eI ERED t =0 (YT L,

cl < (n + t)d gntt
T |(n+t)d—-2nt I,(n,t)

Corollary 2. 8/J\ Levenshtein FE@f 6n, fFSIEE R D € < =™ [CXF L,

R < 1—:5(1 — Hy(8)) + 0(1)
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Theorem 2 DEIFBA

o ZHEHA LIT7Z, {5 ¢ LB ICEAT B L,

> D) nCl= ) 1G] = |C] - Iy, 0

yexntt XEC

Cl-Ig(n,t)
qn+t

o SVFLALICyer™t ZZESE, [D,(y)nC|=>
Zmlcd y € 2 BNETE

o ID.(y)NC|F tBALHITDIVANESOURNFAX

e [Hayashi, Yasunaga (IEEE IT 2020)] @ 'J R ~MESOJgE4 % E FE

— IEHL, D) nCl <22

2—d/n +t)d—-2nt

o [ <




Hamming FEERED TS (CXT T D LK DEF

7= ¢ DO/)\ Hamming 2B&E < d Hamming FERETD A,(n,d) DL
> ¢ O\ Levenshtein IB&E <2d = Levenshtein EERETD A,(n,d) D LR

Theorem 3. &x/J\ Levenshtein FBEl &n, fFS{LZR R D C < 2" (CXF U,
R<1-H,(6—.,0(0-58))+0(1) (EliasRH)

R <H, (% (g—1-(q—2)6—2/6(1-6)(q - 1))) +0(1) (MRRW [B5R)

CTT, 0<8<0=1--
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[IKK13] A. A. Kulkarni and N. Kiyavash. Nonasymptotic upper bounds for deletion correcting

codes. IEEE Trans. Inf. Theory, 59(8):5115-5130, 2013.

g n d [Lev02] [KK13] Theorem 1 Theorem 2
2 20 4 97 453 55 206 95 325 181 643
2 20 10 26 456 2 535 1 295 2 452
2 20 20 190 416 1 059 32 28
2 20 30 961 048 — 5 4
2 40 4 47 498 012 376 28 192 605 878 52 357 696 560 102 167 009 660
2 40 10 1 279 636 864 9 880 934 117 292 187 228 473 245
2 40 20 1 122 371 648 3 203 459 215 900 203 859
2 40 30 13 097 807 352 298 539 3735 1195
2 40 40 | 287 193 094 240 1 048 713 231 43
4 20 4 30 003 945 118 19 289 677 788 68 719 476 736 90 174 299 388
4 20 10 360 221 648 25 002 768 306 647 351 316 287 316
4 20 20 536 774 720 1 645 315 1 258 226 79 926
4 20 30| 192278 071 952 — 34 771 71
4 40 4 | =~ 14843 x10'®  ~ 10332 x10'® =~ 38997 x10'® =~ 51 574 x10'8
4 40 10 ~ 6 113 x101° =~ 461 805 x102 =~ 27238 x10® =~ 36 015 x10%°
4 40 20| ~ 133526 x10?2 =~ 158 374 x10? ~ 7269 x102 =~ 2172 x10'?
4 40 40| =~ 34641 x101° ~ 2123 x10° = 173 431 x10° ~ 69 x10°
4 40 60 | ~ 306 026 x10'8 — 164 423 496 108
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Upper bound on Ry(7)
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List Decoding

e Decoder outputs a small list of codewords
so that the list contains the transmitted codeword

e Extensively studied in Hamming metric
o (s (t,?)-list decodable (in Hamming metric)
& |By(v,t) NC| < ¢ forany v e "

« By(v,t): Hamming ball of radius t centered at v
o t:list-decoding radius, ¥ : list size

e Johnson bound gives a bound on list size fort > d /2

? < gnd if t<n—\/n(n—d)

q : alphabet size, d : minimum Hamming distance of C

22



Our Results

e Johnson-type bound in Levenshtein metric is derived
o The result by Wachter-Zeh (ISIT 2017) has some flaws
o Our bound is obtained by a similar approach

e The bound implies that, as long as ¥ = poly(n),

e 3 binary code of rate (1) correcting 0.707-frac. of
Insertions;

e V constantt; > 0 and 7, € [0,1), 3g-ary code of rate Q(1)
and g = 0(1) correcting t;-frac. of ins. and 7-frac. of del.

e Plotkin-type bound on code size in Levenshtein metric
o By a simple application of Johnson-type bound

23



(Main Technical Lemma) Johnson-type Bound

C C ZTL S.t. dL(C) — d
For non-negative integers t;,tp < n,N =n + t; — tp,

andv € 2V, let /

? = |BL(v, tDJtI) N Cl

B; (v, tp, t;) : the set of words
obtained from v by

d < tp insertions and < t; deletions
d n—t N(g _tD)
Ift,<(5—tD) 2, then £ < —5
n-= N(E —tD)—tI(n—tD)
(t;=tt, =0&EFDE)
d < — g . (n+t)d <
t < 5=am B5IE, ID(y)nC|l=+¢< TSR (Theorem 2 TFIJA)

25




Proof Idea

e Let{cq,..,c,}be the set of codewords that can be
transformed to v by t; insertions and t, deletions

e Consider the value

A ;= Sum of pairwise distances between ¢ codewords

e “Double Counting” is applied to A :
1. Row by row - Lower bound from d,(¢;,¢;) = d

2. Column by column - Upper bound from
dy(c;,¢;) <dy(c;,v) +d. (v, c))

e More sophisticated upper bound is used

26



Proof of Theorem 1

e For vexV, let B,(v,tp,t;)) NC = {cy, ..., C;}

e For each c;, define DOV c [n] ={1,...,n} and E® <
IN] = {1, ..., N} s.t. ¢; can be transformed to v by

i. Deleting symbols in D® from c;; and

>. Inserting symbols in E®

p@ E®

Ci

ll
<

e We can choose s.t. |[DW| =¢,, [EV| =¢,

27



0
|

pW) EW
e ¢; can be transformed to c; by

i. Deleting symbols in D® from c;
2. Inserting symbols in E® to get v

3. Deleting symbols in EU) from v

s, Inserting symbols in DY) to get c;

28



ll
<

ll
<

pU) ED\EW®

e Steps 2-3 can be simplified as

1.

2.

3.

4.

Deleting symbols in D® from c;

Inserting symbols in E® \ EU) to get V| I\ (E@nED)
Deleting symbols in EJ) \ E® from VNN (E@nED)

Inserting symbols in DY) to get c;

e Thus, we have that

di(cic;) < |DD| + [ED\ ED|+|ED \ E®|+|pD)| .



o Define A= Yicio Zjeroniy d(c:, Cj)

e We know that
o A=4(¢—-1)d (by dy(c;¢c))=d)
‘D(i)‘ + ‘E(i) \ E(j)‘
e A< Zie[{’] Zje[#]\{i}( +|E(j) \ E(i)‘+‘D(j)‘)

e Hence, we have

£(£—1)d < Zie[f] ZjE[i’]\{i}< +‘E(j) \ E(i)|+‘D(j)‘

)

30



e We can show that
¢ Zie[f] Zje[f]\{i}( D(i)‘+|D(j)|) =2({—1) ZkE[n] Xk

o Zie[f] Zje[f]\{i}( E© \ E(j)‘+‘E(j) \ E(l’)D o
2 Zk,E[N] Ykl(’g - Ykl)

p® E@)
Cq — D
C-y — D
C- — D
T 1

X = #{i elf]:k € D(i)} Yi, = #{i ele] : k' € E(l)}

31



e Thus, we have

e By using 2y Xk = €tps Liieny Yer = L,
we can show that
d
N(3 —to)

_N(% _tD) —t/(n—tp)

e Both the numerator and the denominator are
positive by the assumption. QED

32
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TRY 1 2 C & B TR

Tolhuizen (IEEE IT 1997). X L DEEBERIEL p: XXX - Z [CXT L,
o x PIDDHFRdDETAX Vi(x) = |{y € X:plx,y) < d}
o FHIRY A X VG = = Fex Va(®)

DEE, /B dDRF=CELT, |C|=>

IX| e
. D

Va

Levenshtein (ISIT 2002). FBD 1 <t <n (XL, UTZ&E&HET
&/\ Levenshtein IBEE d = 2(¢t + 1) = 26n DTS C H\FTE.

n+t

q =N 2= _
|C|21q(n—t,t)2 XD SRR =14+8-2H,(8)

37



7\\5 7fE_oFFH (L_ J\' 5—F

EE8XcCICNL, 9576=(V,E) %=

o BxeXMER, di(xy <d-17354 (x,y) DNFEE

EEHDE,

o 6 DIMUEBDRAY AR =a(G) & A,(nd) = a(G)

o JBI7# (independence number) a(G) (CRET D
02 7EmOBRHNMFIATESD

l'l'

o Turan DTEIR KD GV REHNEH NS (Tohluizen (1997))

o Jiang, Vardy (IEEE IT 2004) [C &3 GV [RRDK

RHIn

38



Caro-Wei [RFR(C KD TR

Caro-Wei [B&R

1
a(G) = ;/ 1+ deg(x)

Theorem 5. F8D d =2(t+1) <n, B 1<r <n [T,

A,(n,d) =

(q" - 2%, Dat@ - DY)’

_Iq(n—t,t)( et L, t) =X, (7))l — DL ( §'=1(

i—t
J

)

S8t BB X It S VE r LLEDXFIRELL,

Caro-Wei BRFRIC deg(x) < |L. ()| < D, ()| - I, (n — ¢, t) ZEFA

39
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)

o
==

Sala, Gabrys, Dolecek (ISIT 2014) D TR (R BH&I(E

TJSOD=ZAFE T Z#RWLITZRIB (A FERRRE)

(G)>|V|(l P (T))
R =T0a\ %82 7298\

Jiang, Vardy (2004) (£ % DEREE5ZTGVIRAEE logn {SiE
Sala, Gabrys, Dolecek (ISIT 2014) HENEMIIC logn {ScLE??

However, the present work is focused on non-asymptotic bounds. To the
best of the authors’ knowledge, Theorem 1 is so far the strongest lower

bound on deletion-correcting codes, with an improvement on the order of
log n over all existing bounds, in both the asymptotic and non-asymptotic

cases. ERH(THBIN - - -

Alon, Bourla, Graham, He, Kravitz (IEEE IT 2023) D\ L5 %&£ o /o tiE
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Levenshtein (ISIT 2002) (&

L ()| < ID(x)] - I, (n—t,t)

NS, LU ZHIF

FI9EA - HIRERY 1 R L ROHBE(C KB TR

1 I.(n—t¢t) I,(n —t, t)?
Ve = o D e S = ) Il =

_|Z_

xexn xexn

> BA - BIBRIRT AR |L,, (0] D LROHK

N %

iCEl
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L (x)| DERDAKE
PATF4T MR LFOEEEERS

D,(00011110000111) ([CHWT,
x =00011110000111 DEWVWEDZEIRLTZHBDZ y EHK.

ALYVIDRFPDRAZE—D9 DHIRT B &,
ZDiBERz(E2° =88DHD, INTy DEPRXFS

> ZNL@|EEWVWT, s EEEBULTHALIFSNTWS

> 7| _;(p)| [FEZ /< TKLY
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FHERZD2  F9EA - Bk A X ERDHRICK D THR

SV r(x) > 2DEZEALIYIRTPH 1 DULEHBDZ EZFIFE

Corollary 3. fFE2D 1<t <n L, UTZ®ELT
i/ \EEBH d = 2(t + 1) DFFS C HETE.

n+t
q

I((n—t,t)>— (" —q ™), (n—t+1,t—-1)

A,(n,d) =

fFS{LEE(F Levenshtein(2002) £@HKT, R =1+ 8 — 2H,(5)
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HUESTRBR « LR

g n d [Lev02] [KK13] Theorem 1 Theorem 2
2 20 4 97 453 55 206 95 325 181 643
2 20 10 26 456 2 535 1 295 2 452
2 20 20 190 416 1 059 32 28
2 20 30 961 048 — 5 4
2 40 4 47 498 012 376 28 192 605 878 52 357 696 560 102 167 009 660
2 40 10 1 279 636 864 9 880 934 117 292 187 228 473 245
2 40 20 1 122 371 648 3 203 459 215 900 203 859
2 40 30 13 097 807 352 298 539 3735 1195
2 40 40 | 287 193 094 240 1 048 713 231 43
4 20 4 30 003 945 118 19 289 677 788 68 719 476 736 90 174 299 388
4 20 10 360 221 648 25 002 768 306 647 351 316 287 316
4 20 20 536 774 720 1 645 315 1 258 226 79 926
4 20 30| 192278 071 952 — 34 771 71
4 40 4 | =~ 14843 x10'®  ~ 10332 x10'® =~ 38997 x10'® =~ 51 574 x10'8
4 40 10 ~ 6 113 x101° =~ 461 805 x102 =~ 27238 x10® =~ 36 015 x10%°
4 40 20| ~ 133526 x10?2 =~ 158 374 x10? ~ 7269 x102 =~ 2172 x10'?
4 40 40| =~ 34641 x101° ~ 2123 x10° = 173 431 x10° ~ 69 x10°
4 40 60 | ~ 306 026 x10'8 — 164 423 496 108
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qg n d [Lev02] [SGD14]  Theorem 5 Corollary 3 qg n LeVOZ] [SG'DJ 4] Theorem 5 Corollary 3
2 10 4 16 2 18 17 4 10 4 4 364 842 4 489 4 382
2 10 6 1 0 1 1 4 10 6 88 14 78 88
2 10 8 0 0 0 0 4 10 8 4 0 3 4
2 10 10 0 0 0 0 4 10 10 0 0 0 0
2 10 12 0 0 0 0 4 10 12 0 0 0 0
2 10 14 — — — 4 10 14 —

2 10 16 — — — — 4 10 16 —

2 10 18 — — — — 4 10 18 —

2 10 20 — — — — 4 10 20 —

2 20 4 4755 783 4968 ATTT 4 20 4 1181 952 838 269 953 863 1 200 316 339 1 183 224 781
2 20 6 94 10 94 94 4 20 6 5 608 964 1 260 300 5 257 096 5610 710
2 20 8 4 0 4 4 4 20 8 66 412 11 205 52 137 66 419
2 20 10 0 0 0 0 4 20 10 1 558 167 937 1 558
2 20 12 0 0 0 0 4 20 12 64 3 27 64
2 20 14 0 0 0 0 4 20 14 4 0 1 4
2 20 16 0 0 0 0 4 20 16 0 0 0 0
2 20 18 0 0 0 0 4 20 18 0 0 0 0
2 20 20 0 0 0 0 4 20 20 0 0 0 0
2 20 22 0 0 0 0 4 20 22 0 0 0 0
2 40 4 | 1308163745 244663 405 1339190 459 1309 722 010 4 40 10| 5251 871 945 006 968 893 684 250 4 033 370 043 313 5 251 878 194 182
2 40 6 6 524 894 881 891 6 532 808 6 526 482 4 40 12 4 408 536 581 5 621 632 730 28 003 006 604 4 408 537 815
2 40 8 76 814 6 032 71 601 76 818 4 40 14 562 976 279 46 013 071 281 585 593 562 976 323
2 40 10 1 687 68 1 396 1 687 4 40 16 10 353 270 506 907 3 886 646 10 353 271
2 40 12 60 1 42 60 4 40 18 263 527 7 256 70 970 263 527
2 40 14 3 0 1 3 4 40 20 9 010 131 1673 9 010
2 40 16 0 0 0 0 4 40 22 404 2 50 404
2 40 18 0 0 0 0

2 40 20 0 0 0 0

2 40 22 0 0 0 0
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Upper bound on Ry(7)
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x&E®
BA - BIRZEIET 2RERA=DY A XD LR - THRZEY
o IKFTIEY 1 T D LR (Theorem 1, Corollary 1)

o Elias ¥4 7D L5 (Theorem 2, Corollary 2)
. [HY20] DU R ~ESOJEEMZFIAE
o [Lev02] ZeZ R L7=T 5 (Corollary 3)
o FIOEA - BIFRER U 4 X LRDAR ZFIFE
o HMABYIC(Z [Lev02] & S
RERR[GIRE
o TORINVH—=TSTDER
o NHRODINANRNE (SVYALAFSILIETHED? ?)

(I
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