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List Decoding of Reed-Muller Codes Based on a Generalized

Plotkin Construction

SUMMARY  Gopalan, Klivans, and Zuckerman proposed a list-
decoding algorithm for Reed-Muller codes. Their algorithm works up to
a given list-decoding radius. Dumer, Kabatiansky, and Tavernier improved
the complexity of the algorithm for binary Reed-Muller codes by using the
well-known Plotkin construction. In this study, we propose a list-decoding
algorithm for non-binary Reed-Muller codes as a generalization of Dumer
etal.’s algorithm. Our algorithm is based on a generalized Plotkin construc-
tion, and is more suitable for parallel computation than the algorithm of
Gopalan et al. Since the list-decoding algorithms of Gopalan et al., Dumer
et al., and ours can be applied to more general codes than Reed-Muller
codes, we give a condition for codes under which these list-decoding algo-
rithms works.

key words: Reed-Muller code, list decoding, Plotkin construction

1. Introduction

A list-decoding problem has been paid increasing attention
in coding theory and theoretical computer science since the
breakthrough work of efficient list-decoding algorithms for
Hadamard codes [3] and Reed-Solomon codes [12]. For the
surveys of recent list-decoding algorithms and its applica-
tions, see [6]-[8], [13].

In 2008, Gopalan, Klivans, and Zuckerman [5] pro-
posed a list-decoding algorithm for Reed-Muller codes with
small alphabet size. Their algorithm works up to any given
list-decoding radius. Dumer, Kabatiansky, and Tavernier [2]
improved the complexity of the algorithm of [5] for the bi-
nary case by using the well-known Plotkin construction.

In this study, we propose a list-decoding algorithm for
non-binary Reed-Muller codes. Our algorithm is a gener-
alization of that of [2] to the case of non-binary codes”.
Since the Plotkin construction is used only for construct-
ing binary codes, we consider a generalized Plotkin con-
struction to deal with non-binary cases. Then we propose a
list-decoding algorithm for non-binary Reed-Muller codes
based on the generalized Plotkin construction. Unfortu-
nately, we failed to analyze the performance of our algo-
rithm, including the list-decoding radius and the time com-
plexity. Nevertheless, since our algorithm allows parallel
computation in several steps, whereas the algorithm of [5]
need to compute these steps sequentially, we believe that
our algorithm could be faster for some range of parameters,
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in particular small g and relatively large r.

Next, we explore codes to which the list-decoding al-
gorithms of [2], [5] and ours (for short GKZ-type algorithm)
can be applied. Polar codes are introduced by Arikan [1]
as a family of capacity achieving codes for any symmetric
binary-input discrete memoryless channels. We see polar
codes as a generalization of binary Reed-Muller codes, and
give a sufficient condition for them under which the GKZ-
type algorithm can be applied to.

2. List Decoding for Reed-Muller Codes Over [,
2.1 Reed-Muller Codes

Fix a finite field F,. Let RM,(r,m) denote the r-th order
Reed-Muller code with m variables over F,. The message
space of RM,(r,m) is the set of polynomials of total de-
gree at most r in m variables over F,. The codeword of
a polynomial p(xi, x2,...,X,) consists of its evaluation at
every point in IF;”. Let F, = {ao,ai,...,a,-1}. Without
loss of generality, we assume that an evaluation point for
(x1, X2, ..., Xy) is lexicographically ordered in the codeword
vector. That is, the codeword of p is a vector in ]Fgm repre-
sented in (1).

(pao, ag, - - -, ao), play, ap, - - ., ap), - - -,
p(aq—l’aq—lv . "aq—laao)’p(a()aa()’ . "al)7
plai,aop,...,a), ..., plag-1,a4-1;- -, aq-1,a1),
p(a09a09 .. '9aq—1)’p(a19a0, e saq—l)s ]
p(aq—l’aq—lsnwaq—l)) (1)

Using the same correspondence, any function f : F' —
[F, has the corresponding vector representation. Also we can
see any vector in ]Fgm as a function that maps Fj to ;. Here-
after, we use the vector representation and the function rep-
resentation interchangeably.

2.2 A Generalized Plotkin Construction

Plotkin construction [11] is a method for constructing a bi-
nary code C from two binary codes C;, C, with the same

“We consider list-decoding algorithms for the global setting,
which is usually studied in coding theory literature. There are also
studies for the local setting (e.g., [4], [5], [14]), where the decoder
cannot see the whole codeword and should work in time polyno-
mial in the message length.
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code length such that
C={uow+v):uecCyveCyl,

where, for x; € Fj' and x; € Fj?, xj o x; € ]1-'5’21”12 represents
the concatenation of x; and x,. It is well known that binary
Reed-Muller codes have this construction [10, Chapter 13,
Theorem 2].

A list-decoding algorithm in [2] uses the following fact.

RMy(r,m) ={uo(u+v):uecRMyr,m-1),
veRMy(r—1,m-1)}

={(u+v)ou:ueRMy(r,m-1),
veERMy(r—1,m-1)}.

Equivalently,
RM; (7, m)

={po(x1,. .., Xm=1) + (X = D)p1(X1, ..., Xpm1)
:pOERMZ(r’m_l),Pl ERMZ(V—I,m—l)}, (2)

where b € F,.
We generalize the above construction of binary
Reed-Muller codes to non-binary cases. Fix F, =

{bo, b1, ...,bg—1}. Then any p(xy,...,x,) € RMy(r,m) with
r > g — 1 can be represented as
p(X1, e xm)
= po(X1s .y X)) + (X — Do) p1 (X1, ..o X))
+ (xm - b())(xm - bl)pZ(xl’ e ’xm—l) +oe

q-1 i—1
= 2P [ =) 3)
i=0 j=0
where p;(xi,...,X,-1) € RMy(r —i,m — 1). Hence, for r >

q-— 1’
q-1 i-1
RM,(r,m) =4 3" piCes s %) | |Gon = b))
i=0 j=0

pi(x1,. .., xu-1) € RMy(r—i,m— 1)} .

Since there are g! choices of {by, by, ...,
can be represented in g! ways.

If we take the vector representation, any p(xj, ..
RM, (7, m) can be represented as

by-1}, RM,(r,m)
L) -xm) e
P(X1, .y Xpy)

= p(X1,..., Xm-1,0a0) © p(x1,..

o”'op(-x]""’-xm—l’aq—l)

-’xmfl’al)

q-1
= Q)p(-xl’~'~’xm—1’ai)
i=

g—1,971 j-1
=O(X ity [ J@-bo), 4)
=0Y520 k=0
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where O}, v; = vp o v © --- o v, for vectors vy, ..., 0,, and

the last equality follows from (3).
2.3 List Decoding Algorithm

For two functions x, y, define the relative distance between
x and y as

1
A(x,y) = p ta € B : x(a) # y(a))

and the relative distance between x and y with respect to
x; =bas

Ax,-:b(x7 !/)
1
=— |{a=(a1, o ap) EFY D x(a) # y(a),aizb}i.
Note that
1 (4
- (Z Ax"1=b,'(p’ y)) = A(p’ y)
q j=0

Define the list-decoding size of RM,(r, m) with radius
nas

ly(r,m,n) = max |{p € RM,(r,m) : A(p,y) < n}i.

=
yeF,

The following simple observation is used in our algo-
rithm.

Lemma 1: Let p, y be two polynomials. If
A=ty (oY) < Dzt (DY) < -+ < Ao, (py) ()

holds for F, = {bo, b1,...,bs—1}, thenfor0 < i< g -1,

D e, (py) < i+ DA, ).

=0
Proof.  Since (1/q) - (50 Avor(y) = A(pyy),
it follows from the condition (5) that (1/G + 1)) -
(Zjz0 D=t (P, 1)) < A(p, y). o

Lety : Fy — F, be areceived word and p € RM,(r, m)
such that A(p,y) <nandy = p+eforanerrore : F)' — F,.
Decompose y and eintoy = ypoyjo---oy,_; and e = ey o
ejo---oe, 1, wherey;, e; : Fy™' — F,for0 <i<g-1. Let

assume that (bo, by, ..., by-1) = (iy> @iys - - -5 Qi) Then, by
considering (4), we have that
Yo Po €0
=M| . |+| |, (6)
Ygq-1 Pg-1 €g-1

where p = pgo pjo---0p,; and
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1 a—a I O(ao a;)
H] ()(a] alj)

1 ap — ag,

1 ag —a, Hj o(aq 1 — i)

By arranging the coordinates, (6) can be represented as

Yiy Po iy
PlEMY (7
Yi, Pq-1 i,y
where M is defined in (8).

Next we describe the idea of our algorithm. Sup-
pose (5) holds. We have y;, = po+e;, from (7). By Lemma 1,
po can be recovered if we use a list-decoder for RM,(r, m—1)
with radius 7 and take y;, as an input to the decoder. Next,
we consider recovering p; from y;, = po + (a;, — a;,)p1 + €;,
without using py. We use y;, instead of py. Namely, in or-
der to recover p;, we set (y;, — y;,)/(a;, — a;,) as an input
to the decoder. Then the error radius will be at most 2
by Lemma 1. Thus p; can be recovered if we use a list-
decoder for RM,(r — 1, m — 1) with radius 217. Generally, we
can recover p; from y;, ..., y;; without using po, ..., pj- if
we use a list-decoder for for RM,(r — j,m — 1) with radius
(j+ Dn.

In the above argument, we use the following relations.

wo Yiy Po €iy
e =| o [+M ©)

Wy-1 Yiy Pg-1 €y
where [wo, . .., w,_] is the tuple of w;, which is the input to

a list- decoder with radius (j+ 1) for recovering p;. Slnce M
is lower triangular and non-singular, the inverse M~! exists
and is lower triangular.

To implement the above idea, since we do not know
which (bg, by, ..., b,-y) satisfies (5), we test all ¢! permuta-
tions of (bo, by, . .., by—y) in the algorithm. Our list-decoding
algorithm is presented in Algorithm 1. In the base case when
r = 1, we use the brute-force algorithm.

Algorithm 1 List-Dec,(r, m, 1, y).

Input: r,m,n,y:Fj —F,.
Output: All p: IFZ’ — F, such that deg(p) < r and A(p,y) < 7.

1: For all permutations (bg,by,..., by-1),
2 Calculate [wo,..., wy-1] in (9).

3 For i=0,..., qg-1

4: L; « List-Decy(r —i,m — 1, (i + D, w;).
5 For all possible p; e L;,

6 Set p(xi,..., Xm)

—1 .
=3 piCxi...., Xm-1) H_’,:%)(xm -b)).

If A(p,y)<n, then add p to L.

: Return L.

oo N

The difference between our algorithm and that of [5] is
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in Steps 3—6 of Algorithm 1. Our algorithm allows parallel
computation in these steps. As described above, each input
w; to the decoder is computed as in (9). Therefore, the ¢
calls of the decoder can be computed in parallel. In the al-
gorithm of [5], each input to the decoder must be computed
sequentially, but their algorithm can handle less erroneous
inputs than ours.

In our algorithm, List-DEc,(r,m,n,y) calls List-Dec,
(r—im-1,0+ n,w;) for 0 < i < g — 1 recursively.
To analyze the performance of the algorithm, including the
error radius and the time complexity, we need to estimate
the performance of List-Dec,(r — i,m — 1,(i + 1)n, w;) for
0 < i < g— 1. In the algorithm of [5], where the algo-
rithm for RM, (7, m) with radius 7 calls the sub-algorithms
for RMy(r — i,m — 1) for 0 < i < g — 1, the radius each
sub-algorithm needs to handle is %n, whereas our sub-
algorithm needs to handle the radius (i + 1)n. It is shown
in [5] that the list size for sub-algorithms does not increase;
Namely, they show that

lq(r—i,m— I,L,n < ly(r,m,m)
qg-i

for any r, m, and n. Therefore, they can bound the time com-
plexity of their algorithm by using the list size I,(r,m,n).
However, we could not find any such bound for [,(r —i,m —
1, (i + 1)n), so we failed to estimate the performance of our
algorithm in terms of list size. Let T,(r,m,n) be the time
complexity for our algorithm List-Dec,(r, m, 1, y). Then we
have that

Ty(r,m,m)

q-1
< (q!)(O(ff) + Z T,(r—jm=1,(j+ n)

J=0
q-1
([ Ttutr = om=1.G+ D)) - 0g™ - 0(q'">).
J=0

We need a further study to bound the time complexity. Since
the gap between [,(r—i,m—1, %n) and [,(r—1,m—1, (i+1)n)
is small when ¢ is small (in particular, when g = 3, the gap
is only between /3(r — 1,m — 1, 3n) and I3(r — 1,m — 1, 2n)),
we believe that our algorithm could be faster for some range
of parameters, say small ¢ and relatively large r. For the
list-decoding size for Reed-Muller codes, see recent work
by Kaufman, Lovett, and Porat [9] and Wootters [15].

3. Applicability to More General Class of Codes

In this section, we explore codes to which the list-decoding
algorithm presented in [2], [5] and the previous section, for
short the GKZ-type list-decoding, can be applied. Specifi-
cally, we give a condition under which the GKZ-type algo-
rithm works in terms of the function representation. Here
we consider codes only over F,.

Polar codes are the capacity achieving codes intro-
duced by Arikan [1] for arbitrary symmetric binary-input
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(1 0 0 e 0 0
1 a; — i, 0 e 0 0
| ay—a, Tolan —a) - 0 0
M= : : - : ®)
1 aiq_z - ai() Hllzo(aiq_z - ai1) H?;(i(aiq_z - ai1) ) O
1 ai,, —a, Tliola,, —ai) o, —a) T, (@i, —a;)]

discrete memoryless channels. Polar codes can be seen as

1 1

A polar code of length 2" is a code with generator matrix
whose rows are chosen from rows of G®*, where ®n is the
n-th power of Kronecker product. The generator matrix of
RM,(n,n) is equal to G®". Interestingly, using the corre-
spondence between vectors and polynomials described in
Sect. 2.1, the set of rows of G®" is the set of monomials with
total degree at most n. Then RM;(r, n) is the polar code
of length 2" whose generator matrix consists of monomials
with total degree at most 7.

We say a code C € RM;(r, n) is decomposable if there
are Cop C RMy(r,n—1) and C; € RM,(r—1,n— 1) such that

a generalization of Reed-Muller codes. Let G = [0 1}.

e Xp1) + (X = D)p1 (X, X))
po € Co, p1 € Cy}

C = {po(x1,..

for b € F,. Furthermore, if Cy and C; are also decompos-
able, we say C is recursively decomposable. 1t is not difficult
see that if C is recursively decomposable, then we can apply
the GKZ-type list-decoding to C.

Let C € RMy(n,n) be a code of length 2". Let G(C)
denote the set of vectors of a generator matrix for C. Note
that G(C) consists of monomials of total degree at most
n. Define deg(C) to be the minimum integer r such that
C C RMy(r,n). Let define C(i,j) = C N RMx(i, j) for
0 < i < deg(C) and n — deg(C) < j < n. We character-
ize decomposable codes as follows.

Lemma 2: Let C € RMy(n,n) be a code of length 2".
Then C is decomposable if x,p(xi,...,x,-1) € G(C) im-
plies p(xy, ..., x,-1) € G(C).

Proof. Suppose deg(C) = r. Let Cy = C(r,n — 1) and
C| = C(r—1,n—1). Then any polynomial p € C is uniquely
represented as p = po + x,p; for some py € Cy and p; €
RMy(r — 1,n — 1). Then it follows that p; € C; from the
assumption that x,,p’ € G(C) implies p’ € G(C). Also p can
be represented as p = py + (x, — 1)p; for some p{) € Cy since
C 2 Cp 2 Cy. Thus C is decomposable. O

From the above lemma, we conclude as follows.

Theorem 1: Let C € RM;(r,n) be a code of length 2"
and deg(C) = r. If C(i, j) is such that x;p(xy,...,xi_|) €
G(C(, j)) implies p(xy,...,x;—1) € G(C(, j)) forall 0 < i <
deg(C) and n — deg(C) < j < n, then the GKZ-type list-
decoding can be applied to C.

4. Conclusion

In this paper, we have proposed a list-decoding algorithm for
non-binary Reed-Muller codes and have explored the possi-
bilities of application of the decoding to more general class
of codes, in particular polar codes. Future work includes
theoretical or experimental analysis to the performance of
our algorithm, and exploring interesting classes of codes
that the GKZ-type algorithm can be applied to.
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